Nonequilibrium Floquet topological phases due to periodic driving are known to exhibit rich and interesting features with no static analogs. Various known topological invariants usually proposed to characterize static topological systems often fail to fully characterize Floquet topological phases. This fact has motivated extensive studies of Floquet topological phases to better understand nonequilibrium topological phases and to explore their possible applications. Here we present a theoretically simple Floquet topological insulating system that may possess an arbitrary number of counter-propagating chiral edge states. Further investigation into our systems reveals another related feature by tuning the same set of system parameters, namely, the emergence of almost flat (dispersionless) edge modes. In particular, we employ scattering matrix invariants and dynamical winding numbers to characterize counter-propagating chiral edge states, and verify their manifestation in terms of two-terminal conductance that is more relevant to possible experiments. We further demonstrate the robustness of such edge states against symmetry preserving disorder. Finally, we identify an emergent chiral symmetry at certain sub-regimes of the Brillouin zone that can explain the presence of almost flat edge modes. Our results have exposed more interesting possibilities in Floquet topological matter. arXiv:2001.06972v1 [cond-mat.mes-hall] 
I. INTRODUCTION
Following the discovery of quantum Hall effect 1 , topological explanation of quantized charge transport [2] [3] [4] [5] and experimental discovery of topological materials 6, 7 , topological phases of matter has emerged as one main research topic in condensed-matter physics. Here, topological phases of matter refer to systems which are protected not only by their underlying (internal and/or spatial) symmetry, but also by their inherent topological structure characterized by certain quantized invariants. These invariants, which are usually defined in the systems' bulk, manifest themselves as robust edge states at the systems' boundaries 4 , thus leading to the so-called bulk-boundary correspondence 8 .
Depending on the specific system and symmetries under consideration [9] [10] [11] , such edge states commonly take the form of either gapless chiral edge states in Chern insulators (superconductors) 12, 13 or flat (dispersionless) edge states in chiral/particle-hole symmetry protected topological insulators (superconductors) 14, 15 , Weyl semimetals [16] [17] [18] , and nodal line semimetals [19] [20] [21] [22] . Due to their topological origin, these edge states are protected against a wide range of symmetry preserving perturbations [23] [24] [25] , which may lead to potential applications in designing robust electronic/spintronic devices as well as in faulttolerant quantum information processing.
While originally topological phases are defined in terms of ground states of equilibrium systems, their studies in out of equilibrium systems, i.e., in the presence of time-periodic driving, have been extensively carried out since the last decade [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . This leads to a variety of the so-called Floquet topological phases such as Floquet topological insulators 31, 32, [34] [35] [36] [37] [38] [39] [40] [41] , Floquet topological superconductors, [42] [43] [44] , Floquet Weyl semimetals 45, 46 and Floquet nodal line semimetals 47, 48 . Here, the term "Flo-quet" refers to the application of Floquet theory 49, 50 to characterize the topology of these time-periodic systems.
The time-dependence of the Hamiltonian describing Floquet systems indicates that energy is no longer conserved and is replaced by an analogous quantity termed quasienergy, defined only modulo the driving frequency ω. Consequently, topological phase transitions under various symmetry considerations are not only due to band closing around zero quasienergy, but also due to that around ω/2 quasienergy. Because a Floquet eigenstate with quasienergy ω/2 necessarily has an eigenphase ±π, a quasi-energy gap at quasi-energy 0 and ω/2 is also referred to as the zero or the π (eigenphase) gap. As such, Floquet topological matter under the open boundary conditions may possess edge states in the zero or π gap, or both. Existing topological invariants defined for static topological systems may therefore not fully characterize the edge states of Floquet topological phases. Indeed, great efforts have been devoted in recent years to define new Floquet topological invariants. These include the dynamical winding number 31 , scattering matrix invariants 39 , and the symmetric time-frame winding number 33, 34 , to name a few.
Floquet topological phases have attracted much attention not only due to the additional tunability offered by the periodic drive to switch between various distinct topological phases, but also due to their potential to exhibit remarkable features with no static counterpart. For example, certain Floquet topological insulators are known to exhibit nontrivial counter-propagating edge states (that is, with opposite chiralities), which arise when chiral edge states with opposite chirality localizes at the same boundary but around different quasimomenta [35] [36] [37] [38] [39] . However, such counter-propagating edge states are not necessarily topologically protected. It is also worth noting that co-propagating edge states can respectively exist at the zero and the π gap. This leads to the possibility that a nonequilibrium topological system has zero Floquet band Chern number but still hosts chiral edge states 31, 35 . Another potentially important feature of Floquet topological phases is their capability to host a large number of co-propagating chiral edge states 30, 38, 40 , which are characterized by a large dynamical winding number 31 and can in principle be probed via two-terminal conductance 39, 51, 52 .
The purpose of this article is to present yet other interesting features of Floquet topological phases, using a theoretically simple two band model. First, we report the possibility of having an arbitrarily large number of robust counter-propagating edge states in both zero and π quasienergy gaps. Unlike the arbitrarily large number of co-propagating chiral edge states observed in Ref. 41 , the counter-propagating nature of the edge states observed here indicates that even the dynamical winding number of Ref. 31 can no longer fully describe them. We thoroughly study the phase transitions associated with the emergence of more counter-propagating edge states as we tune the system parameters. Moreover, we discuss the topological behaviour of the system in terms of the dynamical winding number, scattering matrix Chern number, and two-terminal conductance to build the bulk-boundary correspondence for these edge states, thus clearly proposing a topological invariant to account for the number of pairs of these counter-propagating edge states. In doing so, we also verify the equivalence between scattering matrix Chern number and two-terminal conductance by showing that both describe the same amount of quantized charge transport. Second, we briefly study the impact of symmetry-preserving disorder to verify the robustness of such counter-propagating edge states. Finally, as a side result in the same system, we show that for certain values of system parameters, our model system may host almost flat edge states coexisting with other chiral edge states. These almost flat edge states are explained by the emergence of certain local chiral symmetry at many isolated points in the Brillouin zone away from the rest of chiral edge states.
This article is structured in the following way. In section II, we introduce our system and analyse its symmetries to determine its topological class. In section III, we show how the proposed system may host many counterpropagating edge states. We comprehensively analyse the system's Floquet operator to analytically locate the topological phase transitions in section III A. We establish the bulk-boundary correspondence of the system in section III B by analysing and relating its scattering matrix Chern number, two terminal conductance, and dynamical winding number. In section III C, we introduce symmetry-preserving disorder to our model system and verify the robustness of its edge states. In section IV, we show that in certain parameter regime, the system hosts almost flat (dispersionless) edge states at zero and/or π eigenphase, explained by an emergent chiral symmetry for many isolated points in the Brillouin zone. Finally, we conclude this paper by summarizing our results in section V.
II. MODEL DESCRIPTION AND SYMMETRY ANALYSIS
We consider a two dimensional lattice with nearest neighbour hopping and on-site mass term. Each site in the lattice consists of two sub-lattice degrees of freedom denoted by σ. Time periodicity is introduced by employing a three-step quench protocol such that the system Hamiltonian in momentum representation is given as,
where T is the time period of the drive, γ 1 = J 1 sin(k x ), γ 2 = J 2 sin(k y ) and γ 3 = J 3 [M + cos(k x ) + cos(k y )] are functions of two quasi-momenta k x and k y . J 1 (J 2 ) is the hopping parameter in the x (y)-direction during the first (second) step of the quench, and J 3 (J 3 M ) is the hopping parameter in both spatial dimensions (the on-site mass term) during the third step of the quench.
In passing, we would like to acknowledge that the above mentioned model has been previously studied in Ref. 41 , which is based on the Floquet generalization of the Qi-Wu-Zhang (QWZ) model representing a minimal Chern insulating system 53 . Although this work uses the same model as in Ref. 41 , our work is different from that of Ref. 41 , which used the model to highlight the possibility of generating an arbitrary number of co-propagating chiral edge states. Here, we show that by appropriately tuning some other system parameters, two interesting features are observed. First, the same model is also capable of generating an arbitrary number of counter-propagating edge states, which cannot be captured by the dynamical winding number 31 alone. As we will show below, an appropriate combination of dynamical winding number and another invariant called scattering matrix Chern number 39 can be constructed to fully characterize such counter-propagating edge states. Second, at certain parameter values, almost flat (dispersionless) edge states emerge in the system and coexist with chiral and counter-propagating edge states, which leads to the emergence of chiral symmetry at some points in the Brillouin zone. To date, some features of Floquet topological phases (e.g., the presence of chiral edge states around zero and π (eigenphase) gaps), have been experimentally demonstrated in graphene 54 , photonic [55] [56] [57] [58] and acoustic 59 systems. It is thus expected that a suitable modification of such experiments can be carried out to observe the results presented in this work.
The time-dependent Schrödinger equation of the system is given as
where H(k, t+T ) = H(k, t) and T = 2π ω being the period of the drive. Following the general practice in studies of Floquet topological phases, we now employ Floquet theory in quantum mechanics 49, 50 . To this end, we first define a Floquet operator as the one-period time evolution operator, i.e.,Te − i T 0Ĥ (k,t)dt , whereT is time ordering operator. Solving the Floquet eigenvalue equation
leads to a spectrum of eigenphases Ω n (k) termed quasienergies (n being the band index), which replace the role of energies in such a time-periodic system. By construction, quasienergies are only defined modulo ω = 2π T , which in this paper are taken to be within − π T , π T . In this case, topological phase transitions occur when two quasienergy bands touch, while topological invariants are usually defined in terms of Floquet eigenstates | Ψ n (k) when each quasienergy band is well separated from one another (away from the topological phase transition regime).
The Floquet operator associated with Eq. (1) can be explicitly written as
where we have fixed = T = 1 for the rest of this paper (Hence, quasienergy is the same as Floquet eigenphase below). Equation (2) can be recast in the form,
where σ 0 is the 2 × 2 identity matrix and σ are Pauli matrices representing the sub-lattice degrees of freedom. 
The topological classification of Floquet topological phases based on their internal symmetries are studied in Ref. 11 . In particular, the charge-conjugation/particlehole (PH = PK), time reversal (TR = T K) and chiral (C) symmetry operations satisfy
respectively, where P, T and C are unitary operators and K is the complex conjugation operator. It can be verified that Eq. (3) respects the charge-conjugation symmetry P = σ x ,
since d x,y (−k) = −d x,y (k) and d z (−k) = d z (k) are odd and even functions of k respectively. On the other hand, it does not respect time-reversal (T ) and chiral (C) symmetries in general. With only charge-conjugation symmetry (P 2 = +1), the system belongs to class D of topological classification and is characterized by a Z × Ztopological index in two spatial dimensions 11 . Here Z × Z index refers to distinct integer invariant for each quasienergy gap (zero and π).
In the following two sections, we show how various edge states with distinct features arise as the system parameter J 3 is varied. In particular, we identify the occurrence of two types of band closings at several J 3 values, whose interplay leads to the emergence of counter-propagating edge states, characterizable by a combination of scattering matrix Chern number (two-terminal conductance) 39 and dynamical winding number 31 . Moreover, we find that at sufficiently large values of J 3 , almost flat (dispersionless) edge states emerge in addition to the generation of new counter-propagating edge states. We further identify the emergence of chiral symmetry at (many) isolated points in the Brillouin zone, which explains the existence of these almost flat edge states.
III. COUNTER-PROPAGATING EDGE STATES
In this section, we show how the system introduced above may support an arbitrary number of counterpropagating edge states. To this end, we start by analytically solving the parameter values for which the quasienergy bands close, as well as the quasienergy dispersion and effective Hamiltonian near these band touching points. In particular, we observe that the two different types of band touching points that occur alternately as J 3 increases, leads to the generation of counter-propagating edge states. Scattering matrix Chern number/two-terminal conductance and dynamical winding number are used to establish the bulk-boundary correspondence. Furthermore, we verify that the twoterminal conductance is equivalent to scattering matrix Chern number in a sense that both describe quantized charge transport in the system. Finally, symmetrypreserving disorder effects are studied in order to demonstrate the robustness of these edge states.
A. Analysis of band touching points
By diagonalizing the Floquet eigenvalue equation U (k) | Ψ ± (k) = e −iΩ±(k) | Ψ ± (k) and using Eq. (3), the quasienergy expression can be obtained as,
From the above expression it is seen that in the two dimensional Brillouin zone (BZ), the quasienergy bands close at either zero or π quasienergy for arbitrary values of J 1 , J 2 whenever J 3 = mπ/3, where m is an integer. Under these parameter values, we may Taylor expand the Floquet operator near any BZ point (k x0 , k y0 ) such as (k x , k y ) = (k x0 + δ x , k y0 + δ y ) with δ x (δ y ) being small deviations. In particular, we take the first order approximation in δ x (δ y ) such that δ 2
where upper (lower) sign refer to even (odd) value of m (see Appendix A).
From Eq. (6), we observe the following. First, gap closing around quasienergy zero (π) occurs at (k x0 , k y0 ) = (0, 0) whenever m is even (odd). Second, The effective Hamiltonian associated with Eq. (7) is
which takes the form of Dirac Hamiltonian. The Dirac-like effective Hamiltonian shows that quasienergy dispersion is linear near the band touching point.
We further observe that for m = 3m with m being an integer, additional band touching points appear in the two dimensional BZ along with (k x0 , k y0 ) = (0, 0). These points are (k x0 , k y0 ) = (0, π), (π, 0) and (π, π). The Floquet operator around these points can be expanded up to first order in δ x and δ y as,
where upper (lower) sign again refers to even (odd) values of m = 3m . The same observations above, namely, alternate gap closing around zero and π quasienergies and Dirac effective Hamiltonian are also made from Eq. (7) .
The above analysis shows that there are two types of topological phase transitions (referred to as type-I and type-II for the sake of naming them) occurring in the system as J 3 parameter is varied. Type-I (type-II) topological phase transitions refer to those involving gap closing at a single point (k x0 , k y0 ) = (0, 0) (four points (k x0 , k y0 ) = (0, 0), (0, π), (π, 0), (π, π)) in the two dimensional BZ, which occur at J 3 = mπ/3 with m = 3m (m = 3m ). It follows that as J 3 increases from zero, two type-I topological phase transitions first occur around π and zero quasienergies at J 3 = π/3 and J 3 = 2π/3 respectively, before first type-II topological phase transition occurs around π quasienergy at J 3 = π. Another two type-I topological phase transitions then occur around zero and π quasienergies at J 3 = 4π/3 and J 3 = 5π/3 respectively, followed by a type-II topological phase transition at J 3 = 2π, now occurring around zero quasienergy. The same pattern described above then repeats itself as J 3 is varied further. As we demonstrate numerically below, the counter-propagating edge states emerge due to the alternate occurrences of type-I and type-II topological phase transitions at a given quasienergy.
B. Topological characterization and bulk-boundary correspondence
In this section, we study the phase transitions induced by gap closing and reopening process as we vary the J 3 parameter. Topological phases are characterized by invariants to establish bulk-edge correspondence, which do not change as long as there is no gap closing. Our system supports both counter-propagating and chiral edge states which may or may not coexist. In order to characterize the system completely, we compute the two-terminal conductance or scattering matrix Chern number and dynamical winding number. These indices respectively predict the total and net chirality 60 of edge states in a given band gap which helps us to determine the pairs of counter-propagating edge states.
Scattering matrix Chern number and two-terminal conductance
We employ scattering matrix Chern number 39 to characterize the total chirality of edge states in a quasienergy gap. Experimentally, it may be probed by measuring two terminal conductance. The connection between twoterminal conductance and scattering matrix Chern number for a static system has been stuided in Ref. 61 . In the following, we will review both of these quantities for a Floquet system to later make use of them to characterize the topological behaviour of our system.
In order to study scattering matrix Chern number, we consider cylindrical geometry such that the system has N x (N y ) number of unit cells in x (y) spatial direction. Twisted boundary conditions are applied along y-direction such that φ is the twist parameter which is related to the fictitious flux Φ through the central axis of the cylinder as Φ = φ/e. Furthermore, we apply absorbing boundary conditions in the x-direction such that the projector onto the absorbing terminal is given as,
where n y is the index to the unit cell in y-direction. The projector acts stroboscopically which is to say that the absorbing terminals only act at the beginning and end of each period. With these preliminaries, we define unitary scattering matrix for a given quasienergy gap ∈ {0, π} as,
where T denotes the matrix transpose andÛ φ being the Floquet operator under the boundary conditions defined above. The resulting scattering matrix is given as,
where * corresponds to the complex conjugation, r(φ) and t(φ) are the blocks of reflection and transmission amplitudes respectively. The scattering matrix Chern number (C SM ) is given as 39 ,
where denotes the quasienergy gap. Physically, it describes the quantized charge transport during one pumping period φ = [0, 2π] and measures the total chirality 60 of edge states in quasienergy gap. Two-terminal conductance can also be calculated in a similar way which can be interpreted as an experimental probe of quantized charge transport. To measure the conductance, we instead consider open boundary conditions along x-direction and absorbing boundary conditions along y-direction. The resulting scattering matrix will give the conductance as a function of quasienergy as G = Trace(tt * ), where is taken in either zero or π gap. Similar to the scattering matrix Chern number, two-terminal conductance also determines the total chirality in a given gap.
In passing, it is worth mentioning that in realistic settings, an incoming state cannot be prepared at a given quasienergy value. Instead, an incoming state is prepared at a certain energy, and in that situation quantized conductance is obtained only after applying the so-called Floquet sum rule 62 , which has been also demonstrated in Ref. 51, 52 .
Dynamical winding number
Dynamical winding number characterizes the net chirality of edge states crossing zero and π quasienergy gaps 31 . The idea is to determine the winding of edges states in quasienergy Brillouin zone without closing the gap, where ∈ {0, π}. In order to calculate such an invariant, cyclic evolution is introduced by employing a modified time-evolution operator which is denoted byŨ (k, t) and given as,
is the effective Hamiltonian and is the branch cut of logarithm function which is taken to be the quasienergy gap under consideration. The operator during the second half of drive is a return map, which sends the modified time-evolution operator to identity at the end of one period, i.e.,Ũ (k, t = 0) =Ũ (k, t = T ) = 1. Dynamical winding number is then given as 31 ,
here W is the winding number in gap and square bracket represents the commutator. The dynamical winding number is an integer equal to the net chirality of all chiral edge states crossing the gap. In particular, a pair of counter-propagating edge states has zero net chirality hence zero winding number. By contrast, a pair of co-propagating edge states carry two units of net chirality. Dynamical winding number predicts the net chirality of all the edge states crossing a particular quasienergy gap, so it may fail to capture the total number of edge states even when only one of the two (zero and π) quasienergy gaps possesses counterpropagating edge states.
Bulk-boundary correspondance
The topological invariants exhibit distinct features which are summarized as follows. (i). Scattering matrix Chern number and two-terminal conductance determine the total chirality 60 of edge states in a given quasienergy gap. Irrespective to its chirality (positive or negative), each edge state contributes towards quantized charge transport thence scattering matrix Chern number and two-terminal conductance. (ii). Dynamical winding number determines the net chirality of edge states in a gap such that two edge states with opposite chirality localized at the same edge give zero winding number.
Following the above observations, we define a quantity (V ) which determines the pairs of edge states carrying positive and negative chirality in a gap (i.e., the counterpropagating edge states). This quantity is defined as,
where = {0, π} is the quasienergy gap, C SM is the scattering matrix Chern number, G is the two-terminal conductance, and W is the dynamical winding number. V is defined with the help of two topological invariants and precisely captures the pairs of counter-propagating edge states in quasienergy gap. The numerical calculations of two-terminal conductance G (red curve), dynamical winding number W (blue curve) and pairs of counter-propagating edge states V (green curve) are presented in Fig. 1 for both zero and π quasienergy gaps, as a function of J 3 parameter. It can be observed from Fig. 1 that type-I and type-II topological phase transitions affect these invariants differently. Type-I topological phase transitions always decrease the dynamical winding number by a unit integer which results in an addition of one edge states with negative chirality at zero or π quasienergy gap. Simultaneously, twoterminal conductance/scattering matrix Chern number increases by one unit. On the other hand, type-II topological phase transitions always add two edge states with positive chirality at zero or π quasienergy gap which results in two units increase of both conductance/scattering matrix Chern number and dynamical winding number.
It is observed that two type-II topological phase transitions are separated by two type-I topological phase transitions and such a scheme lead to the creation of counterpropagation edge states in both zero and π quasienergy gaps. Dynamical winding number (blue), two-terminal conductance (red) and number of counter-propagating edge pairs (green) for (a) zero (b) π quasienergy gap are shown as we vary J3 parameter. Two-terminal conductance has been calculated in a rectangular sample with Nx = 50, Ny = 170 and absorbing boundary conditions are applied in the y-direction ny ∈ {1, Ny}. Furthermore, for two-terminal conductance the value of is chosen in the gap such that = 0.0424π ≈ 0 for conductance G 0 in zero gap and = 0.9780π ≈ π for conductance G π in π quasienergy gap.
In the following discussion, we will focus on the left edge of the system (red edge states in Fig. 2 ) such that n x = 1 under open (periodic) boundary conditions along x (y)-direction respectively where n x is the unit cell index in x-direction. The first type-I phase transition occurs at π quasienergy for J 3 = π/3 which results in one edge state with negative chirality. From Fig. 1(b) , it can be observed that two-terminal conductance increases by unity while the dynamical winding number decreases by the same amount. The second type-I phase transition occurs at zero quasienergy for J 3 = 2π/3, where conductance and dynamical winding number increases and decreases by one unit respectively due to the emergence of another edge state (now around zero quasienergy) with negative chirality. Together with the existing edge state of positive chirality around zero quasienergy, this results in the formation of a pair of counter-propagating edge states as can be observed in Fig. 2(a) . The counterpropagating pair gives rise to V 0 = 1 (green curve in Fig. 1(a) ). We also found that the emergence of such counter-propagating edge states does not depend on the direction in which open boundary conditions are applied, implying that they originate from strong topological effects (See Appendix B). Moreover, the presence of chargeconjugation symmetry in two spatial dimensions also signal towards Z × Z topological classification 11 . As we increase J 3 further, type-II phase transition occurs at π quasienergy gap when J 3 = π, which results in two additional edge states (around quasienergy π) with positive chirality. All these three states around π quasienergy gap ( Fig. 2(b) ), contribute towards G π = C π SM = 3. The number of counter-propagating edge states and chiral edge states is given as (V π , W π ) = (1, 1) in Fig. 1(b) . Further increase in J 3 parameter will induce two consecutive type-I phase transitions when J 3 = 4π/3 and J 3 = 5π/3 at zero and π quasienergy gap respectively. Each phase transition will result in a decrease of dynamical winding number by a unit integer due to the addition of one edge state of negative chirality in the respective gap. Figure 2(c) shows the creation of one additional edge state with negative chirality around the zero quasienergy gap as a consequence of the phase transition at J 3 = 4π/3. On the other hand, the phase transition at J 3 = 5π/3 completes the pair of counter-propagating edge states around the π quasienergy gap which are depicted in Fig. 2(d) . The total chirality, number of chiral and counter-propagating edge states are in full agreement with the two-terminal conductance/scattering matrix Chern number, dynamical winding number and quantized quantity V from Fig. 1 .
Next phase transition occurs around the zero quasienergy gap when J 3 = 2π, which completes the pair of counter-propagating edge states around this gap. Addition of two edge states with positive chirality increases the dynamical winding number form -1 to +1. The counter-propagating pairs and chiral edge states are given as (V 0 , W 0 ) = (2, 1). As we keep increasing J 3 parameter for a large finite lattice, any number of counterpropagating edge states can be produced in a systematic way which are characterized by V around quasienergy gap. For example, in the next section some explicit examples with three pairs of counter-propagating edge modes will be shown. In addition to this, the presence or absence of chiral edge states along with the counterpropagating edge pairs is given by dynamical winding number W . To our knowledge, this is the first detailed study of the systematic creation of arbitrary number of counter-propagating edge states.
In conclusion, we have seen that the systematic generation of arbitrary number of counter-propagating edge states around zero and π quasienergy gaps is made possible through the presence of two types of topological phase transitions which occur alternately around a given quasienergy gap. Moreover, two-terminal conductance (scattering matrix Chern Number) and dynamical winding number help us to determine the pairs of counterpropagating edge states with certainty around both zero and π gaps.
Equivalence of scattering matrix Chern number and two-terminal conductance
Scattering matrix Chern number and two-terminal conductance are both related to the quantized charge transport in the system. In the previous section, we have calculated the two-terminal conductance in our system as shown in Fig. 1 , which captures total chirality 60 of edge states on a given edge in quasienergy gap. Here, we now explicitly calculate scattering matrix Chern number and compare it with the above conductance results. To this end, we consider a cylindrical system under twisted boundary conditions in the y-direction and employ Eq. (9), whose results are shown in Fig. 3 in terms of winding of L = −i log det[r (φ)] during one pumping cycle φ = [0, 2π] for several values of J 3 .
First, we consider the case with one chiral edge state. We choose J 3 = 0.5π such that we have chiral edge states around both zero and π quasienergy gaps. The winding of L 0 is shown in Fig. 3(a) . During one pumping cycle, as we change φ from 0 to 2π, L 0 shows one winding. Second, we consider the case where we have one pair of counterpropagating edge states in zero gap (See Fig. 2(b) ). The scattering matrix Chern number turnout to be C 0 SM = 2, which is given by two windings of L 0 during one pumping cycle shown in Fig. 3(b) . C 0 SM = 2 means that two particle contribute towards quantized charge transport during the pumping process.
Third, we consider the case where we have one pair of counter-propagating edge states along with one chiral edge state in π quasienergy gap, which is shown in Fig. 2(c) . The scattering matrix Chern number C π SM = 3 is shown in Fig. 3(c) , as L π makes three windings during one pumping cycle. All three states in π quasienergy gap contribute toward quantized charge transport. Finally, we consider the case with two pairs of counterpropagating edge states in π quasienergy gap shown in Fig. 2(d) . The winding of L π during one pumping process is shown in Fig. 3(d) which corresponds to C π SM = 4. The above analysis shows that both scattering matrix Chern number and two-terminal conductance are equivalent in a sense that both determine the quantized charge transport. Calculation of scattering matrix Chern number for each J 3 value reproduces the red curves in Fig. 1 . This concludes that scattering matrix Chern number is a topological invariant whereas two-terminal conductance is a means to experimentally probe it.
C. Disorder effects
In order to verify the robustness of the counterpropagating and chiral edge states in our system, we consider the presence of generic symmetry preserving disorders affecting the on-site mass term and the hopping term in both spatial directions during the third step of the quench. The hopping terms J 1 and J 2 during the first and second step of the quench are not subject to disorders for simplicity. Floquet operator for the disordered system is then given asÛ = e −iĤ3/3 e −iĤ2/3 e −iĤ1/3 witĥ H 1 ,Ĥ 2 ,Ĥ 3 being given as,
| n x , n y n x + 1, n y | −H.c σ x ,
| n x , n y n x , n y + 1 | −H.c σ y ,
| n x , n y n x + 1, n y |
| n x , n y n x , n y + 1 |
where λ 1 nx,ny , λ 2 nx,ny and λ 3 nx,ny are random numbers drawn from same uniform distribution such that (λ 1 nx,ny , λ 2 nx,ny , λ 3 nx,ny ) ∈ [−λ, λ], λ denoting the strength of disorder.
We now consider the situation when we have a pair of counter-propagating edge states around the zero quasienergy gap and one chiral edge state around the π quasienergy gap (See Fig. 2(a) ). We measure two-terminal conductance around both zero and π quasienergy gap for the disordered lattice by using scattering matrix method 39 . As previously discussed, the two-terminal conductance gives us direct information about scattering matrix Chern number (C SM ) or quantized charge transport.
Disorder effect on the counter-propagating edge states, which is reflected by the conductance around the zero quasienergy gap (indicated by the blue curve), can be observed in Fig. 4 . A plateau is clearly observed at small to moderate disorder strengths, indicating the robustness of such counter-propagating edge states. At larger disorder strengths, such as when λ 1, the two-terminal conductance starts to decrease exponentially. On the other hand, chiral edge state around the π quasienergy gap is relatively more stable, which is reflected by the conductance around the π quasienergy gap (indicated by the red curve) in Fig. 4 . It is worth noticing that λ = 1 is a strong enough disorder strength for which J 3 + λ falls in another topological phase supporting a different number of edge states around both zero and π quasienergy gaps (See Fig. 1) . FIG. 4 . Parameter values are J1 = J2 = π/3, M = 1, Nx = Ny = 50 and J3 = 0.8π. Two-terminal conductance G around the zero (blue) and π (red) quasienergy gap is averaged over 100 disorder realizations. The value of is chosen in the gap such that = 0.0079π ≈ 0 for conductance G 0 around the zero quasienergy gap and = 0.9960π ≈ π for conductance G π around the π quasienergy gap.
In conclusion, we can argue that the pair of counterpropagating edge states and chiral edge states in our system are immune against weak to moderate symmetry preserving generic disorders. As the disorder strength increases, chiral edge states are relatively more robust. The relative robustness of counter-propagating and chiral edge states can be understood as follows. In the case of a pair of counter-propagating edge states, the boundaries of the system have two conducting channels and strong disorder can induce backscattering across these channels due to the absence of time reversal symmetry protection 63 . Additionally, localization effects can also contribute in decreasing the robustness of counter-propagating edge states. On the other hand, in the case of chiral edge states, the topology is mostly affected due to localization effects while backscattering is absent due to the one-way conducting channels.
IV. ALMOST FLAT EDGE STATES
In this section, we show the emergence of chiral symmetry in the system at certain values of J 1 (J 2 ) and large values of J 3 parameter, which leads to the emergence of almost flat edge states. We analytically find that how the chiral symmetry emerges in our system as we tune the J 3 parameter to large values and as a consequence almost flat (dispersionless) edge states appears at the systems' boundaries.
To demonstrate the emergence of chiral symmetry, we expand the Floquet operator at arbitrary points in the two dimensional BZ for certain parameter values. First, we choose the system parameter J 1 = π/2 and expand the Floquet operator around BZ point k x0 . We choose k x0 = π/2, which is away from any band touching points. Next, we consider another BZ point parametrized by a deviation δ away from k x0 = π/2 such that k x = k x0 + δ. The resulting Floquet operator up to first order in δ is given as,
where γ 2 = J 2 sin(k y ), γ 3 = J 3 [M − δ + cos(k y )) and we fix M = 1 for simplicity. We observe from Eq. (12) that for γ 3 = mπ, the coefficient of σ y Pauli matrix will be zero i.e., sin(γ 3 ) = 0, where m is an integer. The solution of all such points in the two dimensional BZ for fixed δ is given as
We further observe that as we increase the value of J 3 parameter, the set of m values becomes large for which the solution hold. The resulting Floquet operator is then given as,
where γ 2 = J 2 sin(k y ) = J 2 sin(cos −1 [ mπ J3 + δ − 1]) and upper (lower) sign refers to even (odd) values of m. The unitary chiral symmetry operator is given as C = σ y such that the Floquet operator obeys the chiral symmetry constraint CU (δ)C † = U † (δ). We can repeat the same analysis for other points in the BZ such as k x0 = −π/2 and observe the similar behaviour. It is important to mention that chiral symmetry emerges away from the band touching points in the two dimensional BZ. The existing edge states are expected to have almost flat dispersion because of this emergent chiral symmetry, namely, the system does have chiral symmetry at many isolated points in the BZ. The topological phase transitions will result in new chiral edge states near the band closing points as discussed in section III, irrespective of the presence or absence of chiral symmetry. The above analysis can be repeated by fixing J 2 = π/2 instead of J 1 and the resulting Floquet operator is given as,
). Repeating the previous calculation results in the Floquet operator as, U (k x , δ) = ∓i cos(γ 1 )σ y ± i sin(γ 1 )σ x , and C = σ x serves as the emergent chiral symmetry operator.
In Fig. 5 , the full quasienergy spectra of our system at several J 3 values are shown under open (periodic) boundary conditions along x (y) direction. At small parameter values J 3 = 1.5π, panel (a) shows that the system possess chiral and a pair of counter-propagating edge states with no flat (dispersionless) edge states. As we increase J 3 = 2.5π, we observe that the existing pair of counterpropagating edge states becomes almost flat ( Fig. 5(b) ) with the emergence of a new pair of counter-propagating edge states. It is worth mentioning that the emergence of almost flat edge states depends on the direction of open (periodic) boundary conditions. This indicates that these almost flat edge states are a consequence of weak topological effects (See Appendix-C). These almost flat edge states can be explained in terms of weak emergent chiral symmetry. The chiral symmetry is weak in a sense that Eq. (13) holds for a relatively small set of m values. As we increase J 3 further, the set of m values for which Eq. (13) is satisfied becomes bigger such that the corresponding points can be found throughout the two dimensional BZ, and a strong chiral symmetry emerges in the system which results in the observation of almost flat edge states. These flat edge states along with chiral edge states, as well as two or three pairs of counter-propagating edge states can be observed in Fig. 5(c-d) around both zero and π gaps. Connecting the example here with the previous section, if we choose J 1 = π/3 instead of J 1 = π/2, we would have obtained four pairs of counter-propagating edge states. Because such almost flat edge states observed here are difficult to probe via their transport properties, it seems necessary to seek new topological invariants beyond scattering matrix Chern number and dynamical winding number to connect them with measurable quantities. This aspect is beyond the scope of this paper and will be left for future studies.
V. SUMMARY AND CONCLUSION
In this paper, via a theoretically simple model system, nonequilibrium topological systems are shown to have the capacity to accommodate an arbitrary number of chiral and counter-propagating edge states as certain system parameters are tuned. These edge states may or may not coexist around zero and π gaps. Furthermore, the topological characterization of these counter-propagating edge states has been made via scattering matrix Chern number and dynamical winding number. Moreover, it has been found that unlike previous studies, the counterpropagating edge states investigated here originate from strong topological effects, because they do not depend on the direction in which the system is opened.
We have also demonstrated that both the counterpropagating and chiral edge states in a disordered lattice are immune against small to moderate symmetry preserving disorder. Under larger disorder strength, however, chiral edge states are found to be more robust as compared with a pair of counter-propagating edge states. Finally, under certain parameter values, we have observed the emergent chiral symmetry in the two-dimensional BZ, which leads to almost flat/dispersionless edge states. Interestingly, counter-propagating, chiral, and these almost flat edge states can co-exist in some parameter regime.
In the future, it would be interesting to comprehensively analyse the parameter regime where counterpropagating, chiral and dispersionless edge states co-exist in terms of new topological invariants. Moreover, a more extensive study of the system in the presence of very strong disorder might also be an interesting aspect to pursue, where potentially new disorder induced Floquet topological features can be explored. Lastly, a study detailing some comparisons between counter-propagating edge states, which are unique to Floquet systems, with helical edge states commonly found in static systems is also worthwhile, as both have at least one property in common, i.e., localization at the same edge of the system with opposite chirality.
where upper (lower) sign indicates even (odd) values of m. Effective Hamiltonian can be then obtained as,
which takes the form of a Dirac Hamiltonian. Hence our analysis shows that the band touching point at (k x0 , k y0 ) = (0, 0) with J 3 = mπ/3 has linear dispersion. Secondly, we consider the BZ point (k x0 , k y0 ) = (π, π). We expand the Floquet operator at this BZ point up to first order in δ x (δ y ) such that sin(k x0 + δ x ) = −δ x , sin(k y0 + δ y ) = −δ y , cos(k x0 + δ x ) = −1 and cos(k y0 + δ y ) = −1, so that
The quasienergies at δ x = δ y = 0 are given as Ω ± (π, π) = ± cos −1 [cos(J 3 )] = ±J 3 and they are equal (modulo 2π) for J 3 = mπ with m being an integer. Near these band touching points, the Floquet operator is given as
where upper (lower) sign corresponds to even (odd) values of m. The effective Hamiltonian will then have the form of a Dirac Hamiltonian similar to Eq. (A5), which indicates linear dispersion of quasienergy. BZ points (k x0 , k y0 ) = (0, π) and (π, 0) also behave in the similar way. Hence at J 3 = mπ, the gap close at the four points in the BZ as discussed in main text.
Appendix B: Edge spectrum under open boundaries in the y-direction
Previous studies [35] [36] [37] [38] [39] show that the emergence of counter-propagating edge states depends on the direction in which the system is opened, which is a signature of weak topological effects 23, [64] [65] [66] . In this appendix, we will demonstrate that the counter-propagating edge states observed in the main text are in fact independent on the direction of the system's boundaries. To this end, we first note that in Fig. 2 of the main text, we have shown the edge spectrum with open boundary conditions along x-direction. Here, we will instead focus on the case where open boundary conditions are applied along y-direction and compare our results to those of Fig. 2 . Figure 6 shows the full quasienergy spectrum of our system with open boundary conditions along y-direction. For J 3 = 0.8π, one counter-propagating pair in zero gap and one chiral edge state in π gap are shown in Fig. 6(a) . The phase corresponds to (C 0 SM , W 0 ) = (2, 0) for zero gap and (C π SM , W π ) = (1, −1) for the π gap which can be observe in Fig. 1 . Increasing J 3 will induce type-I and type-II phase transitions which will result in the emergence of new chiral and counter-propagating edge states in the system. Figure 6(b) shows the parameter regime where our system exhibits two counter-propagating edge pairs around the π quasienergy gap, as well as one pair of counter-propagating edge states and chiral edge states around the zero quasienergy gap for J 3 = 1.8π. It corresponds to (C 0 SM , W 0 ) = (3, −1) around the zero quasienergy gap and (C π SM , W π ) = (4, 0) around the π quasienergy gap (Fig. 1) . The above results thus show that the edge states in our system do not depend on the direction in which the system is opened. 
Appendix C: Robustness of dispersionless edge states
In section IV, we have observed the dispersionless edge states under open (periodic) boundary conditions along x (y) spatial direction. It is important to mention that the dispersionless edge states in above mentioned case depend on the direction of open (periodic) boundary conditions. With the same parameter values, if we interchange the boundary conditions between two spatial directions, then only chiral and counter-propagating edge states are obtained at the systems' boundaries. Such a dependence on the boundary conditions indicates that the emergence of dispersionless edge states is a weak topological effect 23, [64] [65] [66] .
In order to demonstrate this weak topological effect, we choose J 1 = π/2 and J 2 = π/3 along with open (periodic) boundary conditions in y (x) direction. In Fig. 7 , we have shown the full quasienergy spectrum under open (periodic) boundary conditions in y (x) direction. Figure  7 (a) shows three pairs of counter-propagating edge states along with one chiral edge state in each quasienergy gap for J 3 = 3.5π and spectrum does not carry any dispersionless edge state. As we increase J 3 by π, another pair of counter-propagating edge states emerges in the system which is shown is Fig. 7(b) . By comping Fig. 5(c-d) to Fig. 7(a-b) respectively, it is concluded that these dispersionless edge states are a weak topological effect. 
